We calculate the entanglement between a pair of polarization-entangled photon beams as a function of the reference frame, in a fully relativistic framework. We find the transformation law for helicity basis states and show that, while it is frequency independent, a Lorentz transformation on a momentum-helicity eigenstate produces a momentum-dependent phase. This phase leads to changes in the reduced polarization density matrix, such that entanglement is either decreased or increased, depending on the boost direction, the rapidity, and the spread of the beam. The second quantum revolution ͓1͔ is changing the ways in which we think about quantum systems. Rather than just describing and predicting their behavior, we now use new tools such as quantum information theory to organize and control quantum systems, and turn their nonclassical features to our advantage in creating quantum technology. The central feature that makes quantum technology possible is quantum entanglement, which implies that particles or fields that have once interacted are connected by an overall wave function even if they are detected arbitrarily far away from each other. Such entangled pairs, first discussed after their introduction by Einstein, Podolsky, and Rosen ͓2͔, are crucial in technology such as quantum teleportation ͓3͔ and superdense coding ͓4͔. Furthermore, quantum entanglement is critical in applications such as quantum optical interferometry, where quantum entangled N-photon pairs can increase the shot-noise limited sensitivity up to the Heisenberg limit ͓5͔.
The second quantum revolution ͓1͔ is changing the ways in which we think about quantum systems. Rather than just describing and predicting their behavior, we now use new tools such as quantum information theory to organize and control quantum systems, and turn their nonclassical features to our advantage in creating quantum technology. The central feature that makes quantum technology possible is quantum entanglement, which implies that particles or fields that have once interacted are connected by an overall wave function even if they are detected arbitrarily far away from each other. Such entangled pairs, first discussed after their introduction by Einstein, Podolsky, and Rosen ͓2͔, are crucial in technology such as quantum teleportation ͓3͔ and superdense coding ͓4͔. Furthermore, quantum entanglement is critical in applications such as quantum optical interferometry, where quantum entangled N-photon pairs can increase the shot-noise limited sensitivity up to the Heisenberg limit ͓5͔.
While quantum entanglement as a resource has been studied extensively within the last decade ͓6͔, it was realized only recently that this resource is frame dependent, and changes nontrivially under Lorentz transformations ͓7-12͔. In particular, Gingrich and Adami showed that the entanglement between the spins of a pair of massive spin-1/2 particles depends on the reference frame, and can either decrease or increase depending on the wave function of the pair ͓11͔. A consequence of this finding is that the entanglement resource could be manipulated by applying frame changes only. Many applications of quantum technology, however, involve entangled photons rather than massive spin-1/2 particles, to which the massive theory does not apply. In this paper, we work out the consequences of Lorentz transformations on photon beams that are entangled in polarization. Each photon beam is described by a Gaussian wave packet with a particular angular spread in momentum, and for the sake of being definite we discuss a state whose polarization entanglement can be thought of as being produced by downconversion. Because both spin-1/2 particles and photons can be used as quantum information carriers ͑qubits͒, the present calculation also contributes to the nascent field of relativistic quantum information theory ͓13͔.
In order to calculate how a polarization-entangled photon state transforms under Lorentz transformations, we need to discuss the behavior of the photon basis sates. Because there is no rest frame for a massless particle, the analysis of the spin ͑polarization͒ properties is quite distinct from the massive case. For instance, instead of using p ϭ(m,0) as the standard four-vector ͑see Ref. ͓11͔͒, we have to define the massless analog k ϭ(1,ẑ). Note that k has no parameter m and is no longer invariant under all rotations. In fact, the little group of k is isomorphic to the noncompact twodimensional Euclidean group E͑2͒ ͑the set of transformations that map a two-dimensional Euclidean plane onto itself͒. For a massless spin-1 particle the standard vector allows us to define the eigenstate
where ẑ is a unit vector pointing in the z direction. Since the particle is massless, is restricted to Ϯ1 ͓14͔. The momentum-helicity eigenstates are defined as
͉p͘ϭH͑p͉͒ẑ͘, ͑3͒
where H(p) is a Lorentz transformation that takes ẑ to p. The choice of H(p) is not unique, and different choices lead to different interpretations of the parameter . For instance, in the massive case the choice of H(p) can lead to being either the rest-frame spin or the helicity. In the present case it is convenient to choose
where L z ( p ) is a Lorentz boost along ẑ that takes ẑ to ͉p͉ẑ and R(p) is a rotation that takes ẑ to p , while p is the rapidity of the moving frame,
For a parametrization in polar coordinates, we can write p ϭ(sin cos ,sin sin ,cos ):
Again, this choice of R(p ) is not unique ͑see, for example, Ref. ͓17͔͒ but particularly easy to deal with in this context. An arbitrary two-particle state in this formalism can be written as
where ͉p͘ AA Ј and ͉q͘ BB Ј correspond to the momentum and helicity states, as defined in Eq. ͑3͒, of photons A and B. Furthermore, d p and d q are the Lorentz-invariant momentum integration measures:
and the functions g (p,q) must satisfy
To work out how a Lorentz boost affects an entangled state, we must understand how the basis states ͉p͘ transform. Following Refs. ͓14,15͔, we apply a boost ⌳ to ͉p͘,
where H(⌳p) Ϫ1 ⌳H(p) is a member of the little group of ẑ ͑leaves ẑ invariant͒, and hence is a rotation and/or translation in the x-y plane. The translations can be shown ͓14͔ not to affect the spin/helicity, and we are thus left with just a rotation by an angle ⌰(⌳,p). Using the parametrization p ϭp(sin cos ,sin sin ,cos ) and solving for ⌰(⌳,p) we obtain
for different Lorentz transformations and momenta, where
Bϭsin ␥ cos cos ϩcos ␥ sin . ͑13͒
Noting that R z "⌰͑⌳Ј⌳,p͒…ϭR z "⌰͑⌳Ј,⌳p͒…R z "⌰͑⌳,p͒… ͑14͒
and taking advantage of the fact that all Lorentz boosts can be constructed using L z , R z and R y , Eq. ͑11͒ allows us to find ⌰(⌳,p) for any ⌳, and any momentum p. Applying this rotation to the momentum-helicity eigenstate of a massless particle we obtain
At this point one may be tempted to use the two helicity states as a basis for the polarization density matrix. However, because helicity states for different momentum eigenstates reside in different Hilbert spaces, tracing out the momentum degree of freedom produces unphysical results. For example, we would find that a spatial rotation can change the entanglement between two particles. Instead, we shall use the photon's polarization four-vectors as basis states.
The polarization four-vectors for positive and negative helicity states are given by
A general polarization vector is, of course, formed by the superposition of the two basis vectors. According Refs. ͓9,18͔, for a given four-momentum p and associated polarization ⑀ , a Lorentz boost has the following effect:
However, this transformation is only correct for pure boosts in the z direction, or rotations around the z axis if this axis is not the momentum axis ͓as for those cases the angle ⌰(⌳,p) in Eq. ͑11͒ vanishes͔. In general, the four-vector ⑀ transforms as
It is helpful to write D(⌳) in an alternative form
where (⌳⑀ ) 0 and (⌳p ) 0 denote the timelike component of the transformed polarization and momentum four-vectors, respectively. The form, Eq. ͑19͒, agrees with the general law described in Ref. ͓16͔ . Note that from Eq. ͑19͒ we can see that D(⌳) is independent of our choice of R(p ). The proof that Eqs. ͑18͒ and ͑19͒ are equivalent is nontrivial, but an outline is as follows. Note that both forms of D(⌳) obey D͑⌳Ј͒D͑⌳ ͒⑀ ϭD͑⌳Ј⌳ ͒⑀
͑20͒
and both forms have the property
where R is a rotation. An explicit calculation of D"L z ()… then shows that they are equivalent. The second term on the right-hand side of Eq. ͑19͒ is just a momentum-dependent gauge transformation. It must be different for each momentum in order to keep a consistent overall ͑Coulomb͒ gauge. To see that this term leads to measurable consequences consider the polarization vector for classical electromagnetic waves. The polarization vector points along the gauge-invariant electric field, and the direc-tion of this vector undergoes the same transformation as in Eq. ͑19͒ ͓or Eq. ͑18͔͒ when acted on by a Lorentz transformation. In fact, the magnitude of the electric field undergoes the same transformation as the diameter of an infinitesimal circle centered at the momentum. This holds for any Lorentz transformation and momentum. A detailed study of this transformation will be published elsewhere.
In the following, we investigate two entangled photon beams moving along the z axis. The beams are in a momentum product state, and fully entangled in polarization,
In Eq. ͑22͒, p and q are the azimuthal angles of p and q, respectively. The phase factors e i p e i q allow us to write the state as
͑23͒
where ͉h p ͘ and ͉v p ͘ are approximations of horizontal polarizatoion and vertical polarization given by ͓19͔
So, for small ͑small spread of the momentum distribution͒ we have
and Eq. ͑23͒ is a close approximation to a polarization Bell state. Omitting the phase factors in Eqs. ͑22͒ and ͑24͒ instead describes a photon beam where horizontal and vertical polarizations point in the r and directions, respectively ͑see Fig.  1͒ .
We specifically consider the beams to have a Gaussian spread in the direction,
where is a parameter which controls the spread of the beam, is the polar angle of the momentum vector, and p 0 is the magnitude of the momentum of the photon beam, which we arbitrarily set to unity. We do not take into account a spread in the magnitude of the momentum because the magnitude is just a constant multiplying the momentum fourvector and so
Inserting this result into Eq. ͑19͒, we see that the dependence cancels. We now boost state ͑23͒ and trace out the momentum degrees of freedom to construct the polarization density matrix ͓20͔. Even though photons are constrained to be transverse for any particular momentum, states that are not momentum eigenstates must, because they are spin-1 particles, be treated as three-level systems. In order to calculate the entanglement present in the quantum state, we therefore cannot use Wootters' concurrence ͓21͔, as it is only a measure of entanglement for two-state quantum entangled systems. Instead, we use here ''log negativity,'' an entanglement measure introduced by Vidal and Werner ͓22͔. This measure is defined as
where ʈʈ is the trace norm and T A is the partial transpose of . E N () is a measure of the entanglement but is unable to detect bound entanglement. We can now calculate the change in log negativity explicitly for a Lorentz boost with rapidity at an angle ␣ with respect to the photon momentum, i.e., a Lorentz transformation
applied to Eq. ͑23͒. Figure 2 summarizes the results of varying the boost direction ␣ for a given spread , and shows that the entanglement can increase or decrease, depending on boost direction. For ␣ϭ0, positive corresponds to boosting the photon in the direction of the detector. Note that the entanglement at zero rapidity is only about half its maximal value, because the angular spread of the momentum leaves the spin degrees of freedom in a mixed state after tracing out momentum.
In general, boosts in the direction of motion tend to increase the entanglement to saturation, while boosts away from it decrease it. As ␣ approaches /2, the effect on entanglement becomes symmetric. Figure 3 summarizes the effect of applying the boost in Eq. ͑31͒ for varying spreads in the momentum distribution, for a boost direction given by ␣ϭ2/5.
Distributions with small spread р0.1 tend to change entanglement only imperceptively, while for larger spread the entanglement changes become more pronounced. Note that for ϭ1.3 the entanglement becomes zero ͑for boosts of negative rapidity͒ and then increases. This appears to happen because the momentum spread becomes so large that a significant portion of the beam is in fact moving in the Ϫẑ direction. Because of the collimating effect that a Lorentz boost has on the beam, the entanglement can actually increase in such a situation.
We have derived the relativistic transformation law for photon polarizations, and shown that the entanglement of polarization-entangled pairs of photon beams depends on the reference frame. Boosting a detector ͑even at an angle͒ towards the beams increases this entanglement because the momentum distribution is shrunk by the boost ͑see also Ref.
͓12͔͒. The type of entangled beams that we have investigated in this paper are idealizations of realistic states that can be created using parametric down-conversion. In principle, therefore, the effects discussed here should become relevant as soon as linear-optics based quantum technology is created that is placed on systems that move with respect to a detector ͑or when the detector moves with respect to such a system͒.
